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It is well known that the equisingularity class of the general polar of 
a plane branch is not the same for all branches in a given equisingularity 
class, but it is the same for sufficiently general ones (cf. [C2j) and depends 
upon the analytic type of the branch. The aim of this paper is to go beyond 
generality and show how one could describe the equisingularity classes of 
(general) polars of all branches in a given equisingularity class, making use 
of the analytic classification of branches as described in We will 

show how this works in some particular equisingularity classes for which 
one has the complete explicit analytic classification, and in particular for all 
branches of multiplicity less or equal than four, based on the classification 
given in pTFT2j . 

1 Introduction 

Let / G C{x, y} be a convergent power series in two variables over the field of 
complex numbers with no multiple factors and such that /(0,0) = 0. Notice 
that because of finite determinacy the same results hold without changes if 
the power series are only formal. We consider the germ of curve (/): / = 0 
at the origin of C 2 , which determines / up to multiplication by a unit. An 
irreducible germ of curve will be called a branch. We will say that the germs 
of curves (/) and (g) are analytically equivalent if there exists a germ of 
analytic diffeomorphism at the origin of C 2 that transforms one germ into 
the other. In terms of equations, this translates into the fact that there 
exist a unit u and an automorphism <fi of C {x,y} such that g = u(f>(f). In 
this case, we also say that the functions / and g are contact equivalent. The 
equisingularity class of a curve is its equivalence class under transformations 
by germs of homeomorphisms at the origin of C 2 . 

The polar curve of / in the direction (a: b) G Pj. is the germ of curve 
defined by the equation af x + bf y = 0. It is known (cf. (C3j Theorem 7.2.10) 
that, except for a finite set of directions, the polar is reduced and its equi¬ 
singularity class is constant, although its analytic type depends essentially 
upon the direction (a : 6), as we will see in an example at the end of the 
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paper. Also, the equisingularity class of the general polar of / is constant in 
the contact class of / (cf. [ 03] Corollary 8.5.8), but it is not constant in the 
equisingularity class of /, as one can easily check by considering for example 
the curves y 3 — x 11 and y 3 — x 11 + x 8 y (cf. [P]). So, the topological type 
of the polar of a given curve is not determined only by the topological type 
of the curve, but it is determined by its analytical type. In the next section 
we will see to what extent the analytic type of the curve will influence the 
topology of its polar. 

We refer to [Z] for the definitions and basic results we will use in the 
sequel. It is a classical result that the equisingularity class of a reduced 
curve given by / = fi - ■ ■ f r , where th f t are irreducible, is determined by 
the semigroups of the ff s and their mutual intersection numbers I(/,. fj ), for 
i j. A semigroup of values T of a branch will be given by its minimal set 
of generators T = (vq. v\ .... ,v g ) and the integer g will be called the genus 
of the branch. Such a semigroup has a conductor c and the equisingularity 
class it determines may be parametrized by a constructible set £ in C c ~ Vl ~ 1 , 
whose points are the coefficients of the Newton-Puiseux parametrization 

C— 1 

x{t) = t v °, y(t) = t Vl + ^2 

i=vi~\~l 

in the sense that any element in the equisingularity class is analytically 
equivalent to one with a Newton-Puiseux parametrization as above. 

Given an equisingularity class of irreducible curves, it was proved in 
[SHU and that the parameter space £ may be decomposed into a 

finite union of disjoint constructible sets £ = £\ U ■ ■ ■ U £ r , where on each 
£l, the set A i of values of Kahler differentials on the corresponding curve, 
which is an analytic invariant of the curve, is fixed. 

Since T has a conductor and T \ {0} C A£, the set A^ is determined by 
the finite set A^ \ T. If this last set is not empty, the natural number A 
associated to a curve represented by a point of £^ defined as 

A = min (A £ \ T) - v 0 , 

is an analytic invariant known as the Zariski invariant of the curve. 

We will now recall a result that shows that the elements of £^ admit a 
normal form. 

Normal Forms Theorem (cf. [HH3] ) If C is a curve corresponding to a 
point in £(_, then either C is analytically equivalent to a curve with parame¬ 
trization (t v °,t Vl ), when Ai \ T = 0, or to a curve with a parametrization of 
the form 

x = t v °, y = t Vl + t x + ^2 c ^\ 

i 

where the summation is over all indices i greater than A and do not belong 
to the set Ai — vq- Moreover, two curves C, with a parametrization as above, 
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and C with a similar parametrization but with coefficients (c() instead of 
(■ Ci ), are analytically equivalent if and only if there exists a complex number 
( such that C i x ~ Vl = 1 and for all i, one has Ci = C~ Vl c'i- 

At this point it is natural to ask if the equisingularity class of the general 
polar is constant on each stratum Eg. 

We will see in the next section that the answer may be negative, but 
positive for a general member of each irreducible component of the family. 
This was shown in [C2j in the particular case of the whole space E. 

For the convenience of the reader, we will state a well known result about 
Newton non-degenerate plane curve singularities that will be needed in our 
analysis. 

We say that a reduced curve (/), where / = ■ CLijX l yi is Newton non¬ 

degenerate if x and y do not divide / and for any side L of its Newton 
polygon, the polynomial fj J = Ylu ^ as no critical points outside 

the curve xy = 0 (cf. H). Since /l is a quasi-homogeneous polynomial, we 
may rephrase the Newton non-degeneration as follows: 

Let Pk = ( ik,jk ) and Pk+ 1 = {fk+iijk+i) be the extremal points of L 
and define 

p L {z) = z~ jk+1 f L (l,z). 

Then one has that fr has no critical points outside the curve xy = 0 if and 
only if pl has no multiple roots. 

The following result (cf. 0 or [BLP] ) will describe the equisingularity 
class of a Newton non-degenerate curve ( g ) such that (x) does not belong 
to its tangent cone: 

There is a decomposition (gf), i = l,...,s, of ( g), such that the Newton 
polygon of (gf) is the segment [(0,nj); (mi, 0)], with ni = I(gi,x ) and mi = 
I(gi,y) and 1 < d\ < d^ < ■ ■ ■ < d s < oo, where di = , and d s = oo 
If ( 9s) = ( y )• When (g) is Newton non-degenerate, then (gf) has r* = 
gcd(n.i,mi) branches given by Newton-Puiseux parametrizations 

( 9i)j ■ y[j = aijx r > -t-, 1 <j<n, with a itj / , for j / j , 

and 

l ((9i)j,(9i')f) = ^{dudi^mg^j^x^gflj^). 

This paper contains some results from the PhD thesis of the third author 
under the supervision of the other two (cf. EH)- 

2 Polars and Normal Forms 

We will see in the following example how the Normal Forms Theorem may 
be used to describe the equisingularity classes of the general polars of all 
members of a given equisingularity class. 
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Example 1 . Let T = (5,12). The Normal Forms Theorem, together with 
the algorithm to compute normal forms in 11111 , gives us the complete 
classification of the curves in the equisingularity class determined by T that 
we summarize in the following table: 


Normal Form 

a £ \t 

1. (t & ,T 2 ) 

0 

2. (f & ,f 12 + f 38 ) 

{43} 

3. (f & ,t 12 + t si ) 

{38, 43} 

4. (t a ,t 12 + f 28 ) 

{33, 38, 43} 

5. {t b ,t rz + f 20 + cf 28 ), c + 0 

{31,38,43} 

6. (f a ,f 12 + f 2b + ci Ai ) 

{31,43} 

7. (t°,f 12 +f 23 + ct 2b ) 

{28, 33, 38, 43} 

8. (f b , t 12 + t 21 + ct™ + di M ) 

{26,31,38,43} 

9. (t b , t 12 + f 18 + cf 2i + d+ b ) 

{23,28,33,38,43} 

10. (i b , i i2 + f lb + ct LS + dt 23 ) 

{21,26,31,33,38,43} 

11. (t 5 ,t 12 + t 14 + ct 16 + dt 18 + ef 23 ), df 4c ;- 4 

{19,26,31,33,38,43} 

12. (^,d 2 +f 14 + cf 16 + ( 4c ;- 1 )f 18 +dl 23 +ef 28 ), c# “ 

{19,26,31,38,43} 

13. (T\ f 12 + f 14 + + ct l * + df 2i ), c + {§ 

{19,28,31,33,38,43} 

14. (t s ,i 12 + f 14 + t la + + df 23 ), 

{19,31,33,38,43} 

15. (T\ i i2 + f 14 + + i||f 18 + cf 21 + ff ci 23 + dt 28 ), 

j / 81c 2 . 5225 

a / 32 ' 559872 

{19,31,38,43} 

16. (T\ + z + f 14 + + i§f is + cf 21 + ff ci 23 + 

(^+5§i2)* 28 + * 33 ) 

{19,31,43} 

nr (t, t 2 +T 13 - fi 14 + ct ib + d+ i + et 2b ) 

{18,23,28,33,38,43} 

18. (i b ,i 12 + t 13 + cf 14 + dt 10 + ef 21 ), c^-f 

{18,23,28, ,31,33,38,43} 


Table 2.1: The normal forms of the equisingularity class of (5,12) 


Now, with the help of the Maple software we obtain the implicit equa¬ 
tions of the curves given by the parametrization in each row of the table, 
then we exhibit their polars and analyze the equisingularity classes of these 
polars. In what follows, the symbols u\, 112 , U 3 and 114 represent units in 
C {x,y}, with Uj(0,0) = 1, for 1 < i < 4, not necessarily the same in all 
cases. 

1. af x + bf y = hby 4, - 12 ax 11 . 

2. af x +bfy = 5by 4 —50ax 9 y 3 — l5bx 1 °y 2 +100ax 19 y—12ax 11 +5bx 2 °—38ax 37 . 

3. af x + bfy = 5by 4 — 45ax 8 y 3 — 15bx 9 y 2 + 90ax 17 y—12ax u + 5bx 18 — 33ax 32 . 

4. af x + bfy = bby 4 — 40ax 7 y 3 —15bx 8 y 2 + 80ax 15 y—12ax u + 5bx 16 — 28ax 27 . 

5. af x + bfy = 5 by 4 — 40 acx 7 y 3 — \hbcu\x 8 y 2 — 19bu2X l9 y — I 20 U 3 X 11 . 

6. af x + bfy = 5by 4 — 45acx 8 y 3 — (15bc+50a)uix 9 y 2 — 10bu2X 19 y—12au3X 11 . 

7. afx + bfy = 5 by A — 35 ax & y 3 — I3bu\x 7 y 2 — 10 bcu 2 X 10 y — 12 au 3 X n . 

8. afx + bfy = 5 by 4 — 35acu±x 6 y 3 — 13bcu2X 7 y 2 — I9bu3x 9 y — 12 au4X 31 . 

9. afx + bfy = 5 by 4 — 30 ax 5 y 3 — 13bu\x & y 2 — 10 bcu2X 9 y — 12au^x 13 . 

The polar of any one of the curves in the families (1) — (9) has Newton 
polygon with only one side L = [(0,4); (11, 0)] that supports only its ex¬ 
tremal points associated to the monomials 56y 4 and —12ax 11 . This implies 
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that all (general) polars are Newton non-degenerate, so their Newton poly¬ 
gons determine their equisisingularity classes, which in this case is given by 
only one branch with semigroup (4,11). 

10. af x + bf y = 5 by 4 — 30acu±x 5 y 3 — 15bcu2X 6 y 2 — 10busx 8 y — 12 ort 4 X 11 . 

In this case, the Newton polygon of the polar has two sides: 

L\ = [(0,4); (8,1)], that supports only its extremal points associated to the 
monomials 5 by 4 and —10 bx 8 y. 

L /2 = [(8,1); (11, 0)], that supports only its extremal points associated to the 
monomials —10 bx 8 y and — 12ax n . 

Again, the polar of any curve belonging to this family is Newton non¬ 
degenerate with two branches: g\ with semigroup (3, 8) and g 2 smooth such 
that l{g\,g 2 ) = 8. 

11 . 

af x + bfy = 5 by 4 — 30a(c + d)uix 5 y 3 — 156(c + d)u 2 X 6 y 2 

— 106(1 + c)usx 8 y — 5 &U 4 X 10 . 

12. 

afx + bfy = 56y 4 + 10a(l — 3c — 4c 2 )«ix 5 y 3 + 56(1 — 3c — 4 c 2 )u2X 6 y 2 

— 106(1 + c)usx 8 y — 56«4X 10 . 

13. 

afx + bfy = 56y 4 — |a(13 + 12c)u\x b y 3 — f 6(13 + 12 c)u2X e y 2 
-^-bu^x 8 y — 56u4.t 10 . 

14. af x + bfy = 56y 4 — au±x 5 y 3 — pp 6 u 2 .T 6 y 2 — pp busx 8 y — 56u4X 10 . 

15. af x + bfy = 5by 4 — ppauix 5 y 3 — pp 6 u 2 .T 6 y 2 — pp busx 8 y — 5 bu4X W . 

16. af x + bf y = 56y 4 — ppauix 5 y 3 — pp 6 u 2 X 6 r / 2 — pp 6 u 3 X 8 y — hbu^x 10 . 

17. afx + bfy = 5by 4 — 25auix 4 y 3 — 15bii2X 5 y 2 + 5 b(l=^ £ )u3X 8 y + ^fbu^x 10 . 

The Newton polygon of the polars of any member of the families (11) — 
(17) has only one side L = [(0,4); (10,0)], that supports just its extremal 
points associated to the monomials y 4 and x 10 with some non-zero coeffi¬ 
cients that do not depend upon the parameters c, d and e. Therefore, these 
polars are Newton non-degenerate, so they have two branches with semi¬ 
group (2, 5) that intersect with multiplicity 10. 

18. 

afx + bfy = 5by 4 — 2hau\x 4 y 3 — 156u2X 5 y 2 

— 10[6(c 2 + c + d)x 8 + (&(d 2 + e) + 5 a(c — l))u 3 X 9 ]y 
+56(1 — c)x 10 + (—56(c 3 + dc + d) — 12au4x n . 

This is the only stratum in which the equisingularity class of the polars 
will depend upon the parameters in £f to which it belongs. 

(i) If c 7^ 1, then the Newton polygon of the polar has the only side L = 
[(0,4); (10, 0)], that supports the points associated to the monomials 56y 4 , 
— 156x 5 y 2 and —56(c — l)x 10 . In this case, pl{z) = z 4 — 3 z 2 — (c — 1) whose 
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discriminant is — 16(c— l)(5+4c) 2 . So, the polar is Newton non-degenerate if 
and only if c 7 ^ — In this case, the polar has two branches with semigroup 
(2, 5) that intersect with multiplicity 10. 

If c = — |, the paranretrization of the polar is given by 

o20 o38 o30 

x = ^2]-(16 d + 5) 2 f 4 , y = —^(16d + 5) 5 t 10 + ^gg(16 d + 5) 6 f n + • • • . 

Therefore, when d / — the members of the family £\g for which 
c = — | have irreducible polars of genus 2 with semigroup (4,10,21), and 
when d = they have polars with two branches with paranretrizations 

3 27 27 

Xi = -t 2 , Vi = —t b + (-l) i ^^(256a6 - 1256)^t 6 4 - , * = 1,2, 

that is, branches with semigroup (2,5) and with intersection multiplicity 11. 
(ii) If c = 1, then the polar is given by 

O'fx T bfy = 

5 by 4 — 25ax 4 uiy 3 — 15bx 5 U2y 2 — 10 b(d + 2)x 3 u^y — (12a + 56 + 106d)x 11 U4 

An easy computation shows that its Newton polygon has two sides: 

Li = [(0,4); (5,2)], that supports only its extremal points associated to the 
monomials 5by 4 and — 156x 5 y 2 ; and 

L -2 = [(5,2); (11,0)], that supports only its extremal points associated to the 
monomials — 156x ,5 y 2 and —(12a + 56 + 106d)x 11 . 

Therefore, any curve in this family with c = 1 has, for general values of 
a and 6, a Newton non-degenerate polar with a branch p with semigroup 
(2,5) and two non-singular branches g\ and 52 such that l(p. (]%) = 5 and 
I(5i,52) = 3. 

Remark The stratum £i§ gives us an example in which the equisingularity 
class of the general polar of its members is not constant. It also gives us a 
somewhat unexpected example of a family of curves of genus 1 such that its 
general member has a general polar of genus 2 . 

What is remarkable is that the analytic classification of the branches in 
this equisingularity class allowed us to describe the equisingularity classes 
of all general polars of its members. 

Although, as we saw in the above example, the topological type of the 
polar may be not constant in a given stratum £(. it is constant in an open 
dense set of each irreducible component of the stratum, as we will show in 
general in the sequel. 


6 



In fact, for the stratum associated to A = T \ {0}, the result follows 
easily. Let us consider a normal form in an equisingularity class parametri¬ 
zed by £g associated to a set of values of differentials Ag ^ V \ {0}. Putting 
vq = n and v\ = m , from the Normal Forms Theorem, we have 

x = t n , y = t m + t X + C - f - 

i> A 

The implicit equations of these curves are given by Weierstrass polyno¬ 
mials 

f = y n + a 2 (x)y n ~ 2 + a 3 (x)y n ~ 3 4 -b a n -i(x)y + a n (x), 

where the coefficients a,j(x) are polynomials in the variables c* and such that 
ord X (a,j(x)) > j and ord X a n (x) = m. 

Therefore, the polars of the curves in Eg are given by the family 
P(f) = afx + bf y 

= bny n ~ x + aa 2 (x)y n ~ 2 + {ba 2 {x)(n — 2) + aa' 3 (x))y n ~ 3 + ■ ■ ■ 

+ (b(n - 2 )a n _ 2 (x) + aa' n _ 1 (x))y + 6 a n _i(x) + aa' n x. 

We will now show that in a dense open Zariski set in any irreducible 
component of £g the value of the Milnor number of P(f) is constant. 

From the equation of P(f) we have that 


P{f)x = aa 2 (x)y n 2 + (aa 3 (x)+ b{n- 2 )a!. 2 {x))y n z + ■ 
(aa"_ i(s) + 2 ba' n _ 2 (x))y + aa"(x) + ba'^x), 

+ ■■■ + 


• + 
and 


P(f)y = 


bn{n — l)y n 2 + a{n — 2 )a 2 (x)y' 
(aa , n _ 1 (x) + b(n - 2 )a n _ 2 (x)). 


Therefore, one has that P(f) y is a constant times a Weierstrass polynomial 
in y and P(f) x € C{x}[y], hence their intersection multiplicity, which is the 
Milnor number of P(f), is the order in x of their resultant R y in y. Because 
R y ^ 0 since the generic polar of / is reduced, we have for every irreducible 
component £gj of £g that 

Ry(P(f) x , P(f) y ) = Ajx Uj + higher order terms , 

where Aj is a non-zero polynomial in a, b and the q (the coefficients in the 
normal forms) and homogeneous in a and b. So, there exists a Zariski open 
set in £gj, where at each point this polynomial Aj in a and b is not identically 
zero, hence the Milnor number of the general polar of the corresponding 
curve is constant (= uj) in this open set. From the Le-Ramanujan Theorem 
m, we obtain the following result: 

Theorem 1. The equisingularity class of the polar of curves in£g is constant 
in an open dense Zariski subset of any of its irreducible components. 
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3 Polars of branches up to multiplicity four 


We will now give a detailed description of the equisingularity classes of 
the polars of branches of multiplicity less or equal than four. This will be 
carried out by using the classification done by the first two authors in 1111.1 . 
Observe that the polar of a branch of multiplicity 2 is a smooth branch, so 
we have only to treat the cases of multiplicities three and four. 

3.1 Multiplicity three 

For multiplicity three curves, there is only one analytic representative in 
each stratum which is determined by Zariski’s A invariant, as shown in the 
table below: 

r=(3,/3); ft = 3 g + £, £= 1,2 
x = t 3 , y = W 

x = f 3 , y = W + t /J+£+Sk , 0 < k < q — 2 

For the case of the monomial curve x = f 3 , y = t@, we have that the polar 
curve has d = gcd(2, /3— 1) branches. When d = 1, the branch has semigroup 
( 2 , 13—1) and when d = 2 , the two branches are smooth and their intersection 
multiplicity is 

In the case of the second row of the above table, the implicit equation of 
the curve is / = y 3 — 3x 2q+k+e y — x^ — x^ +e+3k and the generic polar curve 
is 

af x + bf y = 2 by 2 — 3a(2q + k + e)x 2q+k+e y — 3 bux 2q+k+e , 

where u is a unit. After a direct computation, we see that the equisingularity 
class of the polar may be described by the following table: 


2q + k + t = 2I + l 

One branch with semigroup (2, 2q + k + e). 

2q + k + e = 21 

Two smooth branches with intersection multiplicity I. 


3.2 Multiplicity four, genus one 

A curve of multiplicity 4 may have genus one or two. For the genus one 
case, we have the following normal forms: 











Normal form 

A \ (4, m) 

i. y(t) = t m 

0 

2. y(t) = t m + t 3rn ~ 4j + ai£ 2m - 4( - 7 '~ l Tl- 1 > + ... 
+ a j-[^]-2t 2m ~ 8 , 2 < j < [f ] 

(3m — 4s; 1 < s < j — 1} 

3. y(t) = t m + t 2rn ~ 4j + a k t im -^ ]+j+1 - k) +••• 

+a ;/ _ [ m ] _ 2 f 3m - 4(l T]+ 3 - fc ) 

2 <j<m, 1 <k<[^]-j 

{2m — 4s; 1 < s < j — 1} U 
(3m — 4s; 1 < s < [^] + 1 — k} 

4. y(t) =t m + t 2m - 4j + 

2<j<[f] 

{2m — 4s; 1 < s < j — 1} U 
(3m — 4s; 1 < s < j} 

5. y(t) = t m + t 2m - 4j + SJ + 

2 < j < m 

{2m — 4s; 1 < s < j — 1} U 
{3m — 4s; 1 < s < j — 1} 


Table 3.1: Normal forms for multiplicity four and genus one 

First Normal Form (monomial curves) 

In this case, the equation of the curve is y 4 — x m = 0, so its polar is 
4 by 3 — amx m ~ 1 , that has d = gcd(3,m — 1) branches. If d = 1, the branch 
has semigroup (3, m — 1) and when d = 3, the three branches are smooth 
with mutual intersection multiplicity equal to ^ m 3 ^ . 

Second Normal Form 

This is the more complicated case. The implicit equation of the curve is 

/ = / - Si(x)y 3 + S 2 (x)y 2 - S 3 (x)y + S 4 {x) = 0, 

where S r (x ) is the r-th symmetric polynomial computed in y(e l t), l = 
0 , 1 , 2 ,3, with e a primitive fourth root of 1 and where we have replaced 
t 4 by x. 

From the definition of y(t), it is clear that S i = 0. To determine the 
Newton polygon of the polar, it is sufficient to consider in the polynomial 
S r (x), 2 < r < 3, the monomial which determines its multiplicity. 

(I) We first consider the case a\ = a 2 = ■ ■ ■ = = 0. 

For each fixed j, we have / = y 4 — 4 x m ~^y 2 — x rn + 2x 2m ~ 2 i — x 3m_4j . 
Therefore, 

af x + bf y = 4 by 3 — 4 a(m — j)x m ~ : ’~ 1 y 2 — 8 bx m ~^y — amx m ^ 1 u, 

where u € C{x} with u( 0) = 1. 

We have the following cases: 
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In this case, the Newton polygon of the polar has only one side L 
containing only its end points (0,3) and (m — 1,0), associated to mono¬ 
mials of the polar. The polynomial associated to the Newton polygon is 
Pl(z ) = 4 bz 3 — am. Then for a and b generic, pl(z ) has three distinct roots 
{ 21 , 22 , 23 }. Therefore the polar has: 


a) One branch with semigroup (3, m — 1), if gcd(3,m — 1) = 1. 

b) Three smooth branches with parametrizations: (t,Zit~s~ + •••), and 
mutual intersection numbers if gcd(3, m — 1) = 3. 

ii. Case —^ > J-r. 

m-3 j -1 

In this case, the Newton polygon of the polar has two sides L\ and L -2 , 
each one with only its end points associated to monomials of the polar. The 
associated polynomials are p kl (z) = 4 bz 2 — 86, and pl 2 ( z ) = — 8 bz — am. 
Then, we have that 


a) Associated to L\ there is one branch p\ with semigroup (2, m — j) and 
parametrization x = t 2 y = y/ 2 t m ~^ + • • •, if gcd( 2 , m — j ) = 1 ; or two 
smooths branches g\. (j 2 with parametrizations x\ = t, y\ = + • • • 

I — m—j 

and x 2 = t, y 2 = -v 2 1 2 -|-, if gcd( 2 , m - j) = 2 . 


b) Associated to L 2 , there is one smooth branch P 2 with parametrization 

x = t, y = -mv - 1 + ---. 


111 . 


Finally, we have that l(p\ ./P 2 ) = m — j and I(gi,P 2 ) = 1 ( 51 , 52 ) = 
Case 


m -3 


1 

3- 1 - 


Since j > 2, because otherwise m = 4, which is not allowed, the Newton 
polygon of the polar has only one side L with tree points and the polynomial 
associated to L is pl(z) = 4 bz 3 — 8 bz — am. Therefore, for a and 6 generic, 
the polynomial pl(z) has three distinct roots { 21 , 22 , 23 } and as, in this 
case, gcd(3, m— 1) = 3, then associated to L we have three smooth branches 
with parametrizations (t, 2 it J_1 + •••), i = 1,2,3, and mutual intersection 
numbers j — 1. 


(II) Now we consider the case where some of the aj s is non-zero. Set 
k = min{z; a* / 0 }. 


After a computation we get 


/ = 2/ 4 - (4x m - j + 24 x m - 2( Mf MV )// 2 - 4 a k x m -^-i^- k) u 2 y - x m u 3 , 


where u t € C{.x} with itj(0) = 1 for i = 1,2,3. Hence, to determine the 
Newton polygon of the polar af x + bf y , it is sufficient to consider the poly¬ 
nomial 


4by 3 - 4a(m - j)x m - j ~ 1 y 2 - 8 bx m ~ j y - 4ba k x m ~ j+[ ^ +k . 
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We now split the analysis of this case into several sub-cases, 
i. Case ^ 

The Newton polygon of the polar has just one side L, containing only 
the points (0, 3) and (to — j + [^] + k, 0). 

Since the polynomial pl(z) = 4bz 3 —4bak has three distinct roots {z\, Z 2 , Z 3 }, 
it follows that the polar has: 

a) Only one branch, if gcd(3, to — j + [^] + k) = 1, with semigroup (3, to — 

j+m+k). 

b) Three smooth branches, if gcd(3, m — j + [^] + k ) = 3, with parameteri- 
zations 

m-j+{Z£]+k 

Xi = t, yi = Zit s h-, *€{1,2,3}, 


and mutual intersection numbers 


+ ... 

m ~j+[ I T ]+ fc 


ii. Case 


m.-j 


> 


fT+fc- 


In this case, the Newton polygon of the polar has two sides L\ = 
[( 0 ,3); (to. — j, 1 )] and L 2 = [(to — j, 1 ); (to. — j + [^] + k, 0 )], with on each 
side only the extreme points correspond to monomials of the polar. 

Considering the polynomials associated to these sides, pl x (z) = 4bz 2 — 8 b 
and pl 2 ( z ) = — 8 bz — 4 ba,k\ and defining d = gcd( 2 , to. — j), we have that 

a) Associated to the side L\. we have a branch p\ with semigroup (2, to — j) 

and parametrization x = t 2 , y = i + • • •, if d = 1 ; and two smooth 

branches gi,g 2 , with parametrizations x t = t, Vi = (—l)* _i y/ 2 t~~ + •••, 
i = 1,2, if d = 2. 

b) Associated to the side L 2 , we have a smooth branch p 2 , with parametriza¬ 
tion x = t, y = — + • • •. 

Finally, one has I(pi,p 2 ) = m-j and l(gi,p 2 ) = %i, 32) = 

iii. Case 


m-j If-J+fc' 

In this case, the Newton polygon of the polar has a unique side L con¬ 
taining the three points (0, 3), (to — j, 1) and (to — j + [^] + k, 0). whose 
associated polynomial is 

Pl(z ) = 4hs 3 — 8 bz — 4 a*,. 

When a,k / ^}p(—l) a ; a = 0,1, because of the condition = j m| +fc , 
it is easy to verify that the polar is Newton non-degenerate. In this case, 
the polynomial pl{z ) has three distinct roots {z\, Z 2 , 23 }, then the polar has 
three smooth branches with parametrizations x = t and iji = Zit^ +k + • • •, 
* = 1,2, 3, with mutual intersection numbers equal to [^] + k = 

Now we suppose that a*, = ^^(—l) a ; a = 0,1. 
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In this case, the roots of pl{z) are ^(—l) a+1 , ^(—1 )“ +1 and 2^(—l) a . 
The polar will have a smooth branch /i corresponding to the simple root of 
Pl(z) and branches 5 * corresponding to the double root. 

We may suppose that the roots of pl(z ) are and —2^, since the 

other case is analogous. 

a) If for all l > 0 one has = 0, then a simple analysis shows that the 
polar has a smooth branch and a branch with semigroup ( 2 , 2 m — 3 j) with 
intersection number m — j. 

b) Suppose that there exists l > 0 such that cik+i / 0. We denote the least 
such l by s. In this case, we will need in our analysis to consider more terms 
of /, which now reads as 

/ = y 4 + {-Ax m ~i - 2l- fc ) - 4 a k a k+s x m ^-^-^ +s 
-2a 2 k+s x m -^ j -^]~ k - s ) + • • • )y2 _ (4 a k x m ~ j+ ^ +k 
+4 a k+s x m ~ j+ ^]+ k + s + 4a k x 2m - 2j -ti-lf]- k ) 

+4 a k+s x 2rn - 2j -( j -^- k ~^ + ---)y- ux m , 


where u € C{x} with u( 0) = 1. 

Now, in order to apply the Newton-Puiseux algorithm to the general 
polar of / at the double root of Pl(z), we have to split our analysis in 
several subcases. 

b.l) m — 2 j > s. 

b.1.1) s odd. Associated to the double root there is a branch <71 given by 


X = t 2 ,y = 


\/ a k+s .m-j+s 1 

^6 


In this case, the polar has a smooth branch f\ and a branch <71 with semi¬ 
group ( 2 , rn — j + s) such that I(/i, <71) = m — j. 

b.l.2) s even. The polar splits into three smooth factors fi,g± and g 2 , such 
that I(/i, 3 i) = [f ] + k and 1 ( 51 , 52 ) = [xl + k + f • 

b.2) m — 2j < s. In this case, the polar has the smooth branch f\ and a 
branch branch 51 associated to the double root with semigroup ( 2 , 2 m —3j), 
such that I(/i, 51 ) = m — j. 

b.3) m — 2j = s. 

b.3.1) If ak+s / w e have, associated to the double root, a 

branch 51 with semigroup (2,m — j + s). So, the polar has the smooth 
branch /1 and the above branch 51 such that I(/i, 5 i) = m — j. 

b.3.2) If cik+s = ; ^ 8 p(“l) Q+1 , w e have, associated to the double root, two 
smooth branches 51 and 52 such that I(/i, 5 ,;) = ^4, * = 1 , 2 , and 1 ( 51 , 52 ) = 

V + s ' 


12 



The following table summarizes the above analysis for the second normal 
form. 


y = t m + + a i t *»- 4 U-m-0 + ... + aj[-,2^ m " s ; 2 < j < [f ] 

Ol = 02 = • • • = Oj_[m]_ 2 = 0 

_2_ < _±_ 

m—j j — 1 

The polar has one branch with semigroup (3, m — 1), 
if gcd(3, m — 1) = 1; otherwise it has three smooth branches 

Pi,P2,P3, with I(pi,p r ) = 

_J_ > _1_ 

m—j j — 1 

The polar has one branch pi with semigroup (2, m — j) and 
one smooth branch P 2 , with I(pi,p 2 ) = m — j, if gcd(2, m — j) = 1; 
otherwise it has three smooth branches pi,p 2 ,P 3 , with I(p;,p r ) = 

2 _ 1 
m—j 7 — 1 

The polar has three smooth branches pi,P 2 ,P 3 , with I(p;,p r ) = j — 1. 

1 3 i; di ^ 0, k = min{i; a,i ^ 0} | 


m-j ^ FfRfc 


The polar has one branch with semigroup (3, m — j + [^] + k), 
if gcd(3, m — j + [^] + k) = 1; otherwise it has three smooth branches 

Pi,P2,P3 with l(pi,p r ) = 


"■-i+m+fc 


2 ^ 1 
m-j ^ m+k 


m—j 

2 _; 


The polar has a branch pi, with semigroup (2, m — j) 
and a smooth branch p 2 , with I(pi,p 2 ) — m — j, if gcd( 2 , m — j) = 1 ; 
otherwise it has three smooth branches pi,p 2 ,P 3 , with I(p;,p r ) = 

For ak ^ ^p(—1)“; a = 0,1, the polar has three smooth branches 
Pi,P2,P3, with I(pz, Pr ) = 

Fora fc = ^(-1)°; a = 0,1: 

a) If cik+i = 0, VI > 0, then the polar has a smooth branch /i 

and a branch g\ with semigroup (2, 2m — 3j) with I(/i, 5 i) = m — j. 

b) There exists s > 0 such that dk+s ^ 0 (let s be minimum), 
b.l) m — 2 j > s. 

b. 1.1) s odd. The polar has a smooth branch /i and a branch g i 

with semigroup ( 2 , m — j + s) with I(/i, <?i) = m — j. 

b.1.2) s even. The polar has three smooth branches /i, < 71,52 with 

KfuPi) = V and I( ffl , 5 2) = 

b.2) m — 2 j < s. The polar has a smooth branch /1 and a branch 51 
with semigroup ( 2 , 2 m — 3 j) with I(/i, 51 ) = m — j. 
b.3) m — 2 j — s. 

b.3.1) afc+ s ^ 1)“ +1 . The polar has a smooth branch f\ and a 

branch g\ with semigroup ( 2 , 2 m — 3j) with I(/i, 51 ) = m — j. 
b.3.2) afc+ s = l) a+1 - The polar has three smooth branches 

fi, 9 i ,92 such that I(/i,fli) = and 1 ( 51 , 52 ) = + s. 


m-j [tt! + fc 


Table 3.2: The polars for curves in the second Normal Form 

Third to Fifth Normal Forms 

These are simple to analyze and all give the same result, summarized in 
the following table: 


gcd(3, m — j) = 1 

One branch with semigroup (3, m — j). 

gcd(3, m — j) = 3 

Three smooth branches with mutual intersection numbers . 


Table 3.3: The polars for curves in the third to fifth Normal Forms 
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3.3 Multiplicity four and genus two 

The classification of multiplicity 4 and genus 2 branches is given in the table 
below, extracted from 


Normal form 

A \ (4, fi, u 2 ) 

y(t) = t Vl + t V2 ~ Vl + ai t V2 ~ 4 ^ 

+a 2 T’ 2_4( [^] _1 ) 4-1- a[!U]_i^ 2-8 , 

V 2 + v\ — 4s; 

1 < 8 < f 4-1 


Table 3.4: Multiplicity four and genus two 

Since gcd(4, v\, u 2 ) = 1 and u 2 > 2vi, we may write v\ = 2k\ and 
V 2 = 4&i + d, where k\ and d are odd numbers. It is easy to verify that 
2v 2 — v\ is multiple of 4, let us write k 2 = 2v2 ~ vi . 

Writing an implicit equation for the curve, we have 

f = U 4 + (-2x fcl 4- )y 2 + {-Ax k2 4- )y + x vi u, 

where u € C{x} and u( 0) = 1. 

The Newton polygon of the polar af x 4- bf y is determined by the poly¬ 
nomial 

4 by 3 — 2k\ax kl ~ 1 y 2 — Abx kl y — Abx k2 4- v\ax 1 ’ 1 " 1 . 

This polygon has always two sides L\ and L 2 whose positions depend 
upon the relationship among k 2 and v\ — 1. In all cases, the polar will have 
a component g\ associated to side L\ given by the following parametrization 

x\ = t 2 , yi = t kl 4-■ 

Associated to the side L 2 , the polar has a branch 52 parametrized by 

f afetm-ki -1 + ..., if Vi — 1 < fc 2 , 

X 2 =t, y 2 =\ + # it Vl -l = k 2 , 

[ —t k2 ~ kl A -, if v\ — 1 > /c 2 , 

with 1 ( 51 , 52 ) = k\. 

In the sequel we give an example of a curve (/) for which the analytic 
type of its polar curve ( af x +bf y ) depends essentially on the direction ( 0 : 6 ). 

Example 2. Consider the curve (/) given parametrically by (t 5 ,t 12 4- f 21 ), 
that belongs to the eighth family in Example 1. We know that, in this 
case, af x 4- bf y = 5 by 4 — 10 bux 9 y — 12 avx 11 , where u and v are units in 
C{x}. This polar is irreducible and is analytically equivalent to a branch 
with parametrization 
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This is a branch of multiplicity four belonging to the fourth Normal Form 
in Table 3.1. So from the Normal Forms theorem, two such branches cor¬ 
responding to directions (a : b) and ( a' : b') with bb' ^ 0 are analytically 

3 /3 

equivalent if and only if one has = frr. 

As a final remark, we refer to [MPj for a rough description of the polars 
of the members of the equisingularity class determined by the semigroup 
(5,11), which could be completely described by the methods we exhibited 
in the present paper. 
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